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Abstract

Many social scientists theorize how various factors influence the dynamic

process of network evolution. These theories explain the ways in which nodal

and dyadic characteristics play a role in the formation and evolution of re-

lational ties over time. We develop a dynamic model of social networks by

combining a Hidden Markov model with a mixed-membership stochastic block-

model that identifies latent groups underlying the network structure. Unlike ex-

isting models, we incorporate covariates that predict both the dynamic changes

in the node membership of latent groups and the direct formation of edges

between dyads. Our motivating application is the dynamic modeling of inter-

national conflicts. While most existing work assumes the decision to engage

in militarized conflict is independent across states and static over time, we

demonstrate that conflict patterns are driven by states’ evolving membership

in geopolitical coalitions. Changes in monadic covariates like democracy shift

states between coalitions, generating heterogeneous effects on conflict over time

and across states. The proposed methodology, which relies on a variational ap-

proximation to a collapsed posterior, is implemented through an open-source

software package.
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1 Introduction

Social scientists often posit theories about the dynamic effects of latent groups of

actors on relational outcomes of interest over time. For example, and in study-

ing interstate conflict, international relations scholars have examined the so-called

“democratic peace” hypothesis, which states that blocs of actors — defined by their

underlying disposition toward democratic values — rarely engage in wars amongst

themselves (e.g., Maoz and Russett, 1993; Oneal and Russett, 1999). These social

science theories often define groups of similar actors that underlie the structures of

social networks, and stipulate how the formation and changes of these groups give

rise to various actions and behaviors (Lorrain and H. C. White, 1971).

To aid the empirical testing of these theories, we develop a dynamic model of social

networks that generalizes the mixed-membership stochastic blockmodel (MMSBM)

originally proposed by Airoldi et al. (2008). The MMSBM is a popular generalization

of the stochastic blockmodel (SBM; Wang and Wong, 1987; Snijders and Nowicki,

1997), which is a factor analytic model for network data characterized by latent

groups of nodes (Hoff, 2009). Unlike the SBM, the MMSBM allows nodes to instanti-

ate different group memberships in their interactions with other nodes. Our proposed

dynamic mixed-membership stochastic blockmodel, which we call dynMMSBM, en-

ables the memberships of latent groups to evolve over time via a hidden Markov

process while simultaneously incorporating both dyadic and nodal attributes that

affect the dynamic formation of groups and ties.

Thus, our approach frees applied researchers from the need to resort to ineffi-

cient, two-step procedures to evaluate theories whereby memberships are first esti-

mated, and then regressed on covariates of interest (Wasserman and Faust, 1994).

Furthermore, the proposed model allows for prediction of group membership and

future network ties of previously unobserved nodes. To facilitate the application
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of our proposed model, we develop a fast Bayesian inference algorithm by rely-

ing on a variational approximation to the collapsed posterior (Teh, Newman, and

Welling, 2007). We offer an open-source software package, NetMix (available at

https://github.com/solivella/NetMix), so that applied researchers can easily im-

plement the proposed model in their own empirical analysis.

Our work builds upon the growing literature on dynamic modeling of social net-

works that exhibit some degree of stochastic equivalence. In addition to the SBM,

a variety of models are generally available to accommodate such networks. For in-

stance, the latent position cluster model (Handcock, Raftery, and Tantrum, 2007) and

the recently developed ego-ERGM (Salter-Townshend and Brendan Murphy, 2015)

incorporate equivalence classes into the latent distance and the ERGM models, re-

spectively. Although the more flexible SBM (and all SBM-based models, such as

ours) can capture disassortative relationships that these other models have a harder

time accommodating, they all share the highly restrictive assumption that nodes play

a single role in all their interactions.

Models like the overlapping/multiple-membership SBM (Latouche, Birmelé, Am-

broise, et al., 2011; Kim and Leskovec, 2013) or the mixed-membership SBM (MMSBM;

Airoldi et al., 2008) fully address this issue by allowing nodes to belong to multiple

equivalence classes. Typically, however, these models were limited by the fact that

they imposed independence of group memberships over time and across nodes, as well

as independence of dyads conditional on the equivalence structure. This made it dif-

ficult to accommodate networks that displayed both stochastic equivalence and some

degree of heterogeneity across nodes (e.g. networks that had very skewed degree distri-

butions). Subsequent work therefore focused on relaxing some of these independence

assumptions. For instance, Sweet, Thomas, and Junker (2014) incorporated dyadic

covariates into the MMSBM, thus allowing for connectivity patterns that where not
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exclusively the result of the equivalence structure. And A. White and Murphy (2016)

incorporated node-specific attributes as predictors of the mixed-membership vectors,

thus eliminating the assumption that all nodes in an equivalence class where exchage-

able. Recent work by Yan et al. (2018) has shown that likelihood-based estimators of

these covariate effect paremeters have desirable asymptotic properties, lending further

confidence in the validity of these extensions. Our model derives from these devel-

opments, allowing for dyadic covariates at the edge-formation stage and for nodal

predictors of the mixed-membership vectors.

Even more attention has been devoted to relaxing the assumption of indepen-

dence of networks observed over time, resulting in important advances to apply the

MMSBM in dynamic network settings (e.g. Xing, Fu, and Song, 2010; Ho and Xing,

2015; Fan, L. Cao, and Da Xu, 2015). As most social networks have a temporal

dimension, being able to model the dynamic evolution of relational outcomes is of

paramount importance to applied researchers. However, while these models offer flex-

ible approaches to accounting for temporal dynamics, they often rely on continuous

state space approaches like the Kalman filter, making it difficult to periodize a net-

work’s historical evolution. Since applied researchers typically resort to periodizing

history into distinct “epochs” in order to make sense of a phenomenon’s evolution,

more discrete approaches to network dynamics would be better suited to the typi-

cal needs of social scientists. Accordingly, our model relies on an M -state hidden

Markov process to capture the evolution of equivalence class-based network forma-

tion. Furthermore, by assuming that the blockmodel itself (i.e. the matrix of edge

propensities across and within latent classes) remains constant over time—so that

only memberships into classes are allowed to evolve—we avoid issues of identification

recently raised by Matias and Miele, 2017 that affect some of the earlier dynamic

MMSBM specifications.
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To the best of our knowledge, then, our model is the first to tackle both the

need to incorporate dyadic and nodal attributes and the need to account for tempo-

ral dynamics simultaneously, in an effort to yield a tool of maximal use to applied

researchers.

The development of our model is motivated by the dynamic analysis of interna-

tional conflicts among states over the last two centuries. Political scientists have long

sought to explain the causes of interstate conflict and predict its outbreak. A promi-

nent literature on the “democratic peace,” for example, explores whether democratic

countries constitute a uniquely peaceful community of states. A significant body of

evidence attests to the low rate of conflict among democratic dyads (Maoz and Rus-

sett, 1993; Oneal and Russett, 1999; Ray, 1998; Dafoe, 2011). Others argue that

the relationship is spurious, driven by impermanent geopolitical coalitions that gen-

erated common interests among democracies (Farber and Gowa, 1997; Gowa, 2011).

Analysts of the democratic peace will likely want to account for these underlying coali-

tions, and in particular ask whether democratic political systems encourage states to

enter the same geopolitical blocs — a question our model is designed to address.

When analyzing conflict data, the most common methodological approach is to

assume the conditional independence of state dyad-year observations given some co-

variates within the generalized linear model framework (e.g., Maoz and Russett, 1993;

Gleditsch and Hegre, 1997; Farber and Gowa, 1997; Mansfield and Snyder, 2002;

Gartzke, 2007; Goldsmith, 2007; Mousseau, 2009; Gowa, 2011; Dafoe, Oneal, and

Russett, 2013). Recent analyses, however, have turned to network models to relax

this conditional independence assumption. Maoz, Kuperman, et al. (2006), for in-

stance, use a measure of structural equivalence among dyads as a covariate of the

standard logistic regression. Hoff and Ward (2004) employ random effects designed

to explicitly model network dependence in dyadic data. Ward, Siverson, and X.
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Cao (2007) apply the latent space model developed by Hoff, Raftery, and Handcock

(2002) to international conflict. Cranmer and Desmarais (2011) propose and apply

a longitudinal extension of the exponential random graph model (ERGM) to conflict

data. We build on this emerging body of scholarship that seeks to model complex

dependencies in the conflict network.

Our proposed model offers important advantages over previous analytic strategies

for studying the dynamic evolution of international conflicts. First, the proposed

dynMMSBM is a natural approximation to the dynamic process of sorting states into

geopolitical coalitions that shapes conflict behavior and characterizes distinctive pe-

riods in the history of international relations. These evolving coalitions often interact

in unexpected ways that researchers find difficult to specify a priori. For example, al-

though interstate conflicts during the Cold War are characterized by the overarching

contest between the Eastern and Western blocs, the leading states in these coalitions

did not always engage directly in conflict. Often, they clashed in a series of proxy

wars among other states. Our model accommodates group-based relationships like

these via heterogeneous edge formation among latent groups. We also embed nodal

covariates directly into the sorting process, allowing monadic variables like regime

type and military power to predict how states shift between coalitions over time.

Such an analysis can provide theoretical insights that are difficult to obtain if one

separately estimates network dependencies and covariate effects. Finally, the dynamic

implementation allows the model to adjust to possibly discontinuous changes in the

international system over time.

2 The Interstate Conflict Network

The study of interstate conflict is of great practical and theoretical interest to interna-

tional relations scholars and policy makers. Practically, the ability to predict violent

political clashes has attracted a large and growing literature on conflict forecasting
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(e.g., Schrodt, 1991; Beck, King, and Zeng, 2000; Ward, Metternich, et al., 2013;

Chadefaux, 2014; Hegre et al., 2017). Theoretically, scholars have sought to under-

stand how specific political institutions, processes, and power asymmetries affect war

and peace among states (e.g., Barbieri, 1996; Oneal and Russett, 1999; Oneal and

Tir, 2006; Hegre, 2008; Maoz, 2009).

Empirical studies of interstate conflict are most commonly conducted at the level

of the state dyad-year. In these analyses, dyad-year observations are typically as-

sumed to be independent conditional on the covariates included in the model (e.g.,

Maoz and Russett, 1993; Farber and Gowa, 1997; Mansfield and Snyder, 2002; Gold-

smith, 2007; Mousseau, 2009; Gowa, 2011; Dafoe, Oneal, and Russett, 2013). How-

ever, there are strong reasons to believe conflict patterns violate this assumption. For

centuries, states have actively managed conflict by constructing formal and informal

coalitions. Alliances, for example, affect the probability of conflict both among allied

states and between allies and non-allies. Many militarized conflicts (most notably, the

World Wars) are multilateral in nature: states do not decide to engage in conflict as a

series of disconnected dyads, but are drawn into war or maintain peace as a result of

their membership in preexisting groups. To address this cross-sectional and temporal

dependency, we propose a network model of interstate conflict that acknowledges the

tendency of states to sort into geopolitical coalitions. In our model, which we call

dynMMSBM and describe in detail in Section 3, nodal attributes influence the for-

mation of unobserved groups, and the effect of these attributes can vary over time,

depending on which “epoch” of history the interaction takes place in.

We use the dynMMSBM to examine the onset of militarized disputes among 216

states in the years 1816–2010. To measure conflict, we draw on version 4.1 of the Mil-

itarized Interstate Dispute (MID) dataset (Ghosn and Bennett, 2003). A MID occurs

when one state enages in an government-sanctioned “threat, display or use of mili-
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tary force” against “the government, official representatives, official forces, property,

or territory of another state” (Jones, S. A. Bremer, and Singer, 1996, p. 168). Ties

in the network are formed when a new MID occurs between two states; subsequent

years of the same dispute are coded as 0. The onset of a MID is a relatively rare

event, occuring in approximately 0.4% of the 842,685 state dyad-year observations in

our sample.

In defining the structural components of the dynMMSBM, we begin with the stan-

dard specification used in the literature on the democratic peace. This research

agenda is among the most prominent theoretical debates in the study of interstate

conflict, and it explores whether democracies engage each other in conflict at lower

rates than other regime types. While recent network applications have re-examined

the democratic peace debate (e.g., Hoff and Ward, 2004; Ward, Siverson, and X.

Cao, 2007; Cranmer and Desmarais, 2011), the dynMMSBM offers several distinct

advantages.

First, the structure of the dynMMSBM can accommodate many of the theoretical

mechanisms often cited by democratic peace theorists. According to the theory,

democracies represent a distinct community of states that have achieved a “separate

peace” among themselves. This behavior may arise from the norms of compromise

prevalent in democratic societies (Maoz and Russett, 1993), the ability of democratic

states to credibly signal their intentions (Fearon, 1994; Schultz, 1998), or the process

by which democracies select into conflicts (Bueno de Mesquita et al., 1999; Bueno de

Mesquita et al., 2004). The dynMMSBM could reveal such a community by identifying

a latent group that exhibits low rates of intra-group conflict and that democratic

states are more likely to join. Other hypotheses derived from theoretical models of

the democratic peace — for example, the possibility of a similar “dictatorial peace”

among autocratic states (Peceny, Beer, and Sanchez-Terry, 2002) and interactions
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between democracy and power asymmetries (Bueno de Mesquita et al., 2004) —

are also easily accommodated by the blockmodel structure. Each latent group is

associated with its own set of nodal covariates and has unique rates of intra- and

inter-group conflict.

Second, the direct inclusion of nodal variables obviates the need to restructure

monadic covariates to fit a dyadic dataset, which has exacerbated a debate in the

democratic peace literature regarding the appropriate dyadic specification of democ-

racy (see Dafoe, Oneal, and Russett, 2013). Finally, the dynamic implementation

provides flexibility for the effect of democracy to vary over time, as hypothesized by

Farber and Gowa (1997).

3 The Proposed Methodology

In this section, we describe the proposed methodology. We begin by defining the

model and then derive a fast estimation algorithm based on variational approximation.

3.1 The Dynamic Mixed-Membership Stochastic Blockmodel

Suppose that we observe a social network as graph Gt = (Vt, Et) for each time period

t ∈ {1, . . . , T} where Vt and Et represent a set of nodes and that of directed edges,

respectively. We consider the case of undirected networks later in this section. We

allow each node set Vt to possibly vary over time since nodes may enter and exit the

network at different points in time. For example, in our application, some countries

are born into or disappear from the international system during the study period.

We use Nt to denote the number of nodes in Vt, i.e. Nt = |Vt|.

For each ordered pair of nodes p and q in Vt, we define an outcome variable

Ypqt = 1 if there is an edge from p to q in Gt, i.e., (p, q) ∈ Et, and Ypqt = 0 otherwise.

Accordingly, we can form an Nt × Nt sociomatrix Yt with typical element Ypqt. In

addition, we also observe a Jx-dimensional vector of time-varying covariates for each

8



node, denoted by xpt for node p at time t, as well as a Jd-dimensional vector of

time-varying covariates for each dyad, denoted by dpqt for dyad (p, q) at time t.

Like the SBM, the MMSBM makes the relational outcomes Ypqt a function of K

latent groups to which nodes belong. The key distinctive feature of the MMBSM,

however, is that while a node can belong to a latent group when interacting with

the other node of a given dyad, different groups may be instantiated by the same

node in other relationships and depending on whether it is playing a role of sender or

receiver. With the addition of a time dimension, this mixed membership framework

can be taken one step further by allowing a node to belong to different latent groups

across time periods even when it is interacting with the same node in the same role

(either as a sender or a receiver). Formally, we define a K-dimensional indicator

vector zp→q,t (wq←p,t) whose kth element zp→q,t,k (wq←p,t,k) is equal to one if node p

(q) instantiates group k when interacting with node q (p) as a sender (receiver).

As in the standard MMSBM, the group-by-group propensities of edge forma-

tion can be collected in a K × K matrix B — the so called blockmodel, or “role-

compatibility matrix”. For the purpose of identification, and unlike other approaches

to incorporating a time dimension in the MMSBM (e.g. Xing, Fu, and Song, 2010),

we do not allow the blockmodel to vary over time (for a discussion of the problem,

see Matias and Miele, 2017). That is, only node memberships into groups are allowed

to differ across time periods.

We now turn to the description of the proposed model, dynMMSBM. We begin

by modeling the edge indicator Ypqt with a generalized linear model whose linear

predictors consist of dyadic time-varying covariates dpqt as well as a fixed effect specific

to the interaction between two groups, to which node p and q belong. This group

interaction fixed effect is represented by the corresponding element of the blockmodel
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B. Thus, this part of the model is given by,

Ypqt ∼ Bernoulli

(
K∏
g=1

K∏
h=1

θ
zp→q,t,g×wq←p,t,h
pqtgh

)

θpqtgh = g−1
(
Bgh + d>pqtγ

)
where Bgh is the (g, h)th element of the blockmodel, γ is a Jd-dimensional vector of

coefficients, and g(·) is the link function. In our application, we use the logistic link

function. By including a set of dyadic predictors dpqt, the dynMMSBM allows tie

formation probabilities to be different even for pairs of nodes that have instantiated

the same latent groups at a given point in time.

In the dynMMSBM, each node has a time-specific probability of instantiating

a group in any given interaction. We model these mixed-membership probability

vectors, denoted πpt, as a time-specific mixture of M separate Dirichlet distributions

with common concentration parameter ξ. We also let the parameter vector of each

Dirichlet distribution depend on the set of time-varying nodal covariates xpt. This

enables researchers to predict group memberships for nodes even when they are not

part of the training set. Finally, we model the dynamic dimension of the social

network by defining a first-order hidden Markov model with M hidden states for

the mixed-membership vectors. Thus, the coefficients of the dyadic covariates in the

mean of Dirichlet distribution are allowed to be different, depending on which hidden

state the corresponding time period is in.

Formally, we have,

zp→q,t ∼ Multinom(1,πpt)

wq←p,t ∼ Multinom(1,πqt)

πpt ∼
M∏
m=1

[
Dirichlet

(
exp(x>ptβm)

)]stm
st ∼ Multinom(A>st−1)
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s1 ∼ Multinom(λ, 1)

where stm = 1 when time period t is in hidden state m (and zero otherwise), βm is a

Jx×K matrix of state-specific coefficients, A is an M×M , row-normalized matrix of

state-transition probabilities, and λ is the M -dimensional vector of prior probabilities

over initial states.

To complete the model, we specify the following prior distributions,

A>m ∼ Dirichlet(1, η)

Bgh ∼ N(µgh, σ
2
gh)

βk,m ∼ N(µβ, σ
2
βI)

γ ∼ N(µγ, σ
2
γI)

where Am is the mth row of A, η is the hyperprior concentration parameter of a

symmetric Dirichlet distribution, and µgh and σgh are hyperprior location and scale

parameters for the intensity of affinity between corresponding groups. We choose

the values of location and scale hyperprior parameters, µβ, µγ, σ
2
β and σ2

γ, to help

regularize the model fit.

Thus, according to this model, the full joint distribution of data Y = {Yt}Tt=1,

latent variables Z = {zp→q,1, . . . , zp→q,T}p,q∈V, W = {wq←p,1, . . . ,wq←p,T}p,q∈V, Π =

{πp1, . . . ,πpT}p∈V, S = {st}Tt=1, and parameters {B,A,β,γ} is given by,

P (Y,Z,W,Π,S,B,A,β | X,D)

= P (s1)
T∏
t=2

P (st | st−1,A)
M∏
m=1

P (Am)
K∏
g=1

K∏
h=1

P (Bg,h)
T∏
t=1

P (Yt,Zt,Wt,Πt | st,B,βm,γ,Xt,Dt)

× P (γ)
M∏
m=1

K∏
k=1

P (βkm)

where

P (Yt,Zt,Wt,Πt | St,B,βm,γ,Xt,Dt)

11



=
∏
p,q∈Vt

P (Ypqt | zp→q,t,wq←p,t,B,γ,Dt)P (zp→q,t | πpt)P (wq←p,t | πqt)
∏
p∈Vt

M∏
m=1

P (πp,t | st,βm,xpt)stm

This framework can be adapted to handle undirected networks with only minor

revisions. In such cases, both the outcome matrix Yt and the blockmodel B will be

symmetric, as the distinction between a sender a receiver role becomes unnecessary.

Accordingly, and to avoid redundancies, products over pairs of nodes p, q ∈ Vt are now

taken over pairs such that q > p at any given time. Otherwise, the model definition

remains identical.

3.2 Marginalization

As we discuss in the next section, we define a factorized approximation to the posterior

distribution of our model’s parameters in order to drastically reduce the computa-

tion time needed to learn about them. With the model as it currently stands, the

approximating distribution would factorize over all parameters. In the true posterior,

however, latent variables zp→q,t (wq←p,t) and the mixed-membership parameters πp

(πq) are usually strongly dependent (Teh, Newman, and Welling, 2007). Similarly,

the Markov state indicators st and parameters in the transition kernel A are normally

strongly correlated in the true posterior. Therefore, and to improve the accuracy of

the approximation, we first marginalize the latent mixed-membership vectors and the

Markov transition probabilities, thus dealing with them exactly.

To do the marginalization, we first focus on the portion of the joint density that

involves Π. Define,

αptmk = exp(x>ptβkm) and ξptm =
K∑
k=1

αptmk (1)

as the kth element of a K-dimensional vector that serves as the parameter of the

Dirichlet distribution from which mixed memberships are drawn. We can then
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marginalize Π as follows,∫
· · ·
∫ T∏

t=1

∏
p∈Vt

[∏
m

P (πpt | αptm)stm

] ∏
q∈Vt

P (zp→q,t|πpt)P (wp←q,t | πpt) dπ1t . . . dπNtt

=
T∏
t=1

∏
p∈Vt

M∏
m=1

[
Γ(ξptm)

Γ(ξptm + 2Nt)

K∏
k=1

Γ(αptmk + Cptk)

Γ(αptmk)

]stm
(2)

where Γ(·) is the Gamma function, and Cptk =
∑

q∈Vt(zp→q,t,k + wp←q,t,k) represents

the number of times node p instantiates group k across its interactions with all other

nodes q present at time t, whether as a sender or as a receiver. Note that we replace∑K
k=1Cptk with 2Nt because all nodes must instantiate exactly one group when inter-

acting with other nodes at any given t—once as a sender and once more as a receiver.

In the undirected case, this term reduces to Nt (see Appendix A.1).

Furthermore, the transition probabilities have independent Dirichlet priors, and

they are conjugate to the multinomial distribution over states at any given time.

Thus, we can adopt a similar strategy when marginalizing over the rows of A. Specifi-

cally, we focus on the portion of the joint distribution that involves A, and marginalize

A as follows,∫
· · ·
∫ T∏

t=2

P (st | st−1,A)
M∏
m=1

P (Am) dA1 · · · dAM =
M∏
m=1

Γ(Mγ)

Γ(Mγ + Um)

M∏
n=1

Γ(γ + Umn)

Γ(γ)

where Umn =
∑T

t=2 stnst−1,m is the number of times the Markov chain transitions

from state m to state n, and Um =
∑T

t=2

∑
n stnst−1,m is the total number of times

the Markov chain transitions from m (potentially to stay at m).

Putting it all together, the marginalized posterior distribution is proportional to

the following joint density,

P (Z,W,S,B,β | X,D,Y)

∝ P (s1)
M∏
m=1

Γ(Mη)

Γ(Mη + Um)

M∏
n=1

Γ(η + Umn)

Γ(η)

T∏
t=2

M∏
m=1

∏
p∈Vt

[
Γ(ξptm)

Γ(ξptm + 2Nt)

K∏
k=1

Γ(αptmk + Cptk)

Γ(αptmk)

]stm
(3)

×
T∏
t=1

∏
p∈Vt

∏
q∈Vt

K∏
g=1

K∏
h=1

(
θ
Ypqt
pqtgh(1− θpqtgh)

1−Ypqt
)zp→q,t,gwq←p,t,h

P (B)P (β)P (γ)
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3.3 Estimation via Variational Approximation

For posterior inference, we rely on a mean-field variational approximation to the

marginalized posterior distribution (Jordan et al., 1999; Teh, Newman, and Welling,

2007). We first define a factorized distribution of the latent variables Z, W and S as

follows,

Q(S,Z,W | K,Φ,Ψ) =
T∏
t=1

Q1(st | κt)
∏
p∈Vt

∏
q∈Vt

Q2(zp→q,t | φp→q,t)Q2(wq←p,t | ψq←p,t)

where κt, φp→q,t, and ψq←p,t are variational parameters.

We use this factorized distribution to bound the log posterior from below. We then

iterate between finding an optimal Q̃ (the E-step) and optimizing the corresponding

lower-bound with respect to parameters B, β and γ (the M-step). Below, we provide

a summary of the variational EM algorithm. Appendix A.2 contains its complete

derivation.

First, the variational update for the parameters in the distribution of Z is given

by,

φ̂p→q,t,k ∝
M∏
m=1

[
exp
[
EQ̃2

[log(αptmk + C ′ptk)]
]]κtm K∏

g=1

(
θ
Ypqt
pqtkg(1− θpqtkg)

1−Ypqt
)ψq←p,t,g

where C ′ptk = Cptk − zp→q,t,k and the expectation is taken over the variational distri-

bution of Z. This corresponds to the (unnormalized) probability vector in a multi-

nomial distribution. By symmetry, the update for ψq←p,t,k is similarly defined, and

the two updates associated with a dyad can be computed in parallel to speed up

computation. Also in the interest of speed, and in order to avoid costly compu-

tation of the Poisson-Bernoulli probability mass function, we approximate the ex-

pections in these updates by using a zeroth-order Taylor series expansion, so that

EQ̃2
[log(αptmk + C ′ptk)] ≈ log

(
αptmk + EQ̃2

[
C ′ptk

])
(Asuncion et al., 2009).

In turn, for t = 2, . . . , T − 1, the variational updates for the parameters of S are
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given by,

κ̂tm ∝ exp
[
−EQ̃1

[log(Mη + U ′m)]
]

exp
[
κt+1,mκt−1,m EQ̃1

[log(η + U ′mm + 1)]
]

× exp
[
(κt−1,m − κt−1,mκt+1,m + κt+1,m) EQ̃1

[log(η + U ′mm)]
]

×
∏
n6=m

exp
[
κt+1,n EQ̃1

[log(η + U ′mn)]
] ∏
n6=m

exp
[
κt−1,n EQ̃1

[log(η + U ′nm)]
]

×
∏
p∈Vt

[
Γ(ξptm)

Γ(ξptm + 2Nt)

K∏
k=1

EQ̃1
[Γ(αptmk + Cptk)]

Γ(αptmk)

]
where U ′m = Um − st,m and U ′mn = Umn − stmst+1,n.1 Once again, this corresponds

to the (unnormalized) probability vector in a multinomial distribution. Finally, note

that there are special cases for updates at the first and last time periods, i.e., t = 1

and t = T . Their details are available in Appendix A.2.

Finally, to obtain the estimates of the regression parameters β, γ and the block-

model B, we find optimal values with respect to the approximate lower bound, defined

as the log expectation of equation (3) over the variational distribution minus the en-

tropy of the variational parameters. The resulting product-of-multinomials form of Q̃

(which relied only on a factorizing assumption), allows us to compute the necessary

expectations. To find optimal values, we use an iterative quasi-Newton algorithm,

and provide the gradients required for this step in Appendix A.2.

4 A Simulation Study

We validate the proposed model with a synthetic dynamic network, and then apply

it to the interstate conflict network data described in Section 2. We use the open-

source statistical software NetMix to fit the model. As shown below, the dynMMSBM

successfully recovers the generating parameters in our synthetic network.

We define a synthetic network generating process for 150 nodes observed over

9 time periods. The DGP uses 3 underlying blocks and one continuous monadic

1This definition of the term U ′mn is valid whenever m 6= n and t 6= T . For other cases, see

Appendix A.2.
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predictor of block membership, as well as one continuous dyadic predictor that can

itself be thought of as an independent relational determinant of the observed network

patterns. The data are generated so that there is a change-point in the hidden Markov

process between time points 5 and 6, reversing the nature of the relationship between

the monadic predictor and membership into the third block. In turn, group-to-group

relationships are governed by a blockmodel that mostly encourages heterophily, with

generally low diagonal values and high off-diagonal values.2
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Figure 1: True mixed-memberships in synthetic networks. The panels depict
the mixed-membership vectors of nodes in 9 simulated networks with 150 nodes each,
split by hidden Markov state under which the network is generated. On the left
panel, the memberships of nodes in networks generated under the first Markov state
(i.e. networks between time periods 1 and 5) are shown. On the right panel, the
membershops of nodes in networks generated under the second Markov state (i.e.
those between time periods 6 and 9) are shown.

The simpleces in Figure 1 show the true mixed-memberships under the two Markov

states for a network generated according to the process described above. Although

many nodes display strong memberships into one or two groups (as indicated by their

2We say “generally”, as the probability of ties between members of the second group are actually

high in this case, to illustrate the flexibility of the model. The actual blockmodel used to generate

the synthetic networks is given by
G1 G2 G3

G1 0.00 0.99 0.99

G2 0.99 1.00 0.99

G3 0.99 0.99 0.15
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closeness to edges of the simplex), there is a sizable set of nodes whose memberships

are much more mixed — particularly during the last four time points, during which

the hidden Markov process is in state 2. Of the three groups, the third one is the

most likely to be instantiated, with many points located on the lower right corner of

the simpleces.
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Figure 2: True vs. estimated mixed-memberships (left) and estimated
blockmodel (right). The left panel shows the estimated mixed-membership vec-
tors against their known, true values. Recovery is excellent, as indicated by near
alignment along the plot’s diagonal. On the right panel, the plot shows both the
probability of group-to-group tie formation, as well as the relative extent of group
membership, A darker tile indicates a higher probability of an edge between members
of the corresponding group, while a larger tile indicates a larger proportion of pairings
between members of the corresponding groups.

Our model is able to recover these true mixed-membership patterns across time, as

evidenced by near-diagonal alignment of points on the left panel of Figure 2, depicting

estimated mixed-memberships against their known, true values. The model is also

able to identify the right blockmodel structure — not only estimating the within

and between group tie formation probabilities correctly, but also identifying the high

incidence groups (viz. group 3 in our example), as indicated by the relative size of

the tiles in the plot.

Finally, the model correctly estimates the underlying relationships between pre-

dictors and outcomes of interest, as well as the exact time period during which the

underlying Markov process switches states. After generating 50 networks using the
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Figure 3: Estimated effect of monadic predictor on block membership. The

figure shows, for each time period, the HMM-weighted effect of a continuous predictor,

estimated using 50 networks generated according to our synthetic network DGP. In

each instance, the red dot indicates the true effect size for that time period, given a

known HMM state.

DGP described above, we use our model to obtain estimates of the effect of the

monadic predictor on block memberships, as well as of the marginal probability that

the hidden Markov process is in either of the two states for each time period.

Figure 3 shows, for each time period, the distribution of estimated effect sizes

of the monadic predictor on membership into the third block (as boxplots), along

with the true effect size (as a red dot). We obtain effect size estimates for each time

period by computing the weighted average of effects in the two hidden Markov states,

using estimated marginal probabilities over states in each time period as our weights.

The model is typically able to identify the underlying Markov state that generated

the networks, which in turn translates into correctly identified effects of the monadic

covariate on membership probabilities.
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5 Empirical Analysis

We apply the dynMMSBM to the interstate conflict network data described in Sec-

tion 2. We show that the proposed model uncovers the essential geopolitical coalitions

that drive conflict patterns and generates novel insights into the heterogeneous effect

of key covariates, like democracy. It also outperforms the standard logistic regression

model used by applied researchers to forecasting future conflicts.

5.1 The Setup

We model conflict as an undirected network in which ties arise from states’ evolving

membership in six latent groups. While the substantive results presented below are

not conditional on the number of latent groups, we found that six provided sufficient

flexibility to reflect different types of evolving coalitions that can be qualitatively

interpreted.

We analyze the onset of militarized disputes among 216 states in the years 1816–

2010 (Ghosn and Bennett, 2003). We include two node-level covariates xpt — the

degree of democracy in a state’s domestic government and the state’s military capa-

bility — that are hypothesized to influence membership in the latent groups (Maoz

and Russett, 1993; Hegre, 2008). We measure levels of democracy using the variable

POLITY, from the Polity IV dataset (Marshall, Gurr, and Jaggers, 2017). States are

assigned a polity score each year ranging from −10 to 10, with higher values repre-

senting more democratic political institutions. The mean polity score in our sample

is −0.02. Roughly six percent of state years are assigned the minimum score of −10,

and 16% receive the maximum of 10. Moreover, to measure the national military ca-

pability of states (MILITARY CAPABILITY), we use version 5.0 of the composite index

(CINC scores) originally developed by Singer, S. Bremer, and Stuckey (1972), and

take the log to account for the skewed distribution. The association between these
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covariates and the latent group memberships depends on two hidden Markov states.

In addition, we include four dyadic variables dpqt that are expected to predict

conflict between states beyond the effects of the equivalence classes induced by the

blockmodel. These include a dichotomous indicator for the existence of a formal

alliance (ALLIANCE) between states in a given year; data on alliances comes from

version 4.1 of the COW Formal Alliances dataset (Gibler, 2009). We also control for

geographic distance (DISTANCE) and the presence of a contiguous border (BORDER)

between states (Stinnett et al., 2002). A count of common memberships in interna-

tional organizations (IO MEMBERSHIPS) addresses the possibility that interaction in

these organizations decreases conflict (Oneal and Russett, 1999). Following the con-

vention in the literature, a count of years since the last militarized dispute between

each dyad and a cubic spline control for temporal dependencies (Beck, Katz, and

Tucker, 1998).

The model was estimated using the NetMix package, which applies the variational

expectation maximization (EM) algorithm described above. The algorithm reaches

convergence when the change in lower bound approximation falls below 1×10−4. For

the MIDs network, estimation took approximately seventeen minutes and converged

after six EM iterations.

5.2 Memberships of Latent Groups

The dynMMSBM allows us to examine latent group membership at the node, year,

and node-year level. Figure 4 displays the evolution of group membership over time.

Latent groups expand and contract throughout the time period as states move in and

out of geopolitical coalitions. As we document below, groups differ in their propensity

to engage in conflict. The most peaceful cluster, Group 2, grows steadily during

the 20th century and especially after World War II when norms against military

aggression began to coalesce. The waning years of the Cold War saw an increase in

20



0.00

0.25

0.50

0.75

1.00

1850 1900 1950 2000

Time

A
vg

.M
em

be
rs

hi
p

Group

6

5

4

3

2

1

Average Group Membership Over Time

Figure 4: Membership in Latent Groups over Time. The figure shows the
average rate of membership in six latent groups for each year from 1816-2010.
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Figure 5: Average Node Membership over Time, Select States. The figure
shows, for six states, the average rate of membership in four latent groups in each
year the state is present in the network.

some conflict-prone groups such as 1, 3, and 5.

Figure 5 displays latent group membership by year for a select group of states. As

the figure demonstrates, there is significant variation both across states and within
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states over time. The United States and United Kingdom show high rates of member-

ship in Group 3 throughout the period. Russia is predominantly in Group 5, a cluster

with relatively high rates of conflict with Group 3. Russia experiences spikes in Group

3 membership in the 1940s and early 1990s, marking two historical moments (World

War II and the end of the Cold War) when geopolitical divisions between Russia, the

United States, and the United Kingdom subsided.

Iceland’s latent membership is dominated by Group 2, the most peaceful cluster,

throughout its existence as an independent state. This is consistent with the country’s

limited history of conflict, given its geographic isolation, official posture of neutrality

during World War II, and military protection by the United States. Iceland’s esti-

mated membership demonstrates that the model results do not simply reflect formal

alliance structures. Although Iceland joined NATO in 1949, its latent membership

pattern suggests a distinction between leading NATO powers like the United States

and United Kingdom and less powerful, more conflict-averse NATO members like

Iceland.

Nicaragua and Iraq demonstrate how political shocks like rebellion and foreign

intervention are reflected in the evolution of latent membership. Nicaragua has sig-

nificant membership in the more peaceful cluster (Group 2) until a sharp break in

1979, the year Sandinista rebels successfully ousted the US-backed Somoza regime.

The new government embraced Marxism and developed closer ties with the Soviet

Union, reflected by a spike in membership in Group 5. Subsequent increases in Group

3 membership are consistent with the replacement of the Sandinistas by a center-right

government in the 1990s. In Iraq, the sudden shift in 2003 reflects the invasion by

the United States and the installation of a friendly government.

To further probe the plausibility of the estimated group assignments, we examine

latent group membership during the Cold War. As noted earlier, the Cold War
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period was defined by a geopolitical rivalry between an Eastern bloc, led by the

Soviet Union, and a Western bloc led by the United States and its NATO allies. To

see if the dynMMSBM can recover the underlying geopolitical structure of the Cold

War era, we identify the 10 states with the highest average membership probability

in each latent group during the period of 1950–1990. For each latent group g, we

calculate the following quantity for every state p: 1
35

∑1990
t=1950 πptg. The states with

the highest membership in each latent group are listed in Table 3 of Appendix A.4.

The distribution of states across the latent groups is consistent with presence

of competing geopolitical coalitions during the Cold War. Group 5 is composed of

the Soviet Union and its allies in the Eastern bloc (Russia/Soviet Union, Romania,

Poland, China, Czechoslovakia). Group 3, on the other hand, is populated by the

United States, its NATO allies (Canada, UK, Australia, West Germany, Italy), and

Japan. Other groups appear to represent geographic clusters with shared conflict

propensities. Group 2, for example, is composed of small island states (Belize, Bar-

bados, Malta, Iceland) with low conflict rates. Group 4 is primarily African nations,

and Group 5 includes many states from the Middle East.

5.3 Conflict Propensities of Latent Groups

Figure 6 graphically summarizes the estimated blockmodel that determines rates of

conflict between groups. The exact estimates of the blockmodel, on which this figure

is based, are available in Table 2 of Appendix A.4. The size of the nodes (circles)

in the figure reflect the frequency with which states instantiate membership in each

group. Two latent groups, Groups 3 and 5, are particularly well-populated by states

in the sample. These two groups also have the highest rate of inter-group conflict,

according to the blockmodel: when a state from Group 3 interacts with a state from

Group 5, there is a 6.1% likelihood that a militarized dispute will occur. As discussed

above, these groups represent enduring geopolitical divisions like the one between
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Figure 6: Estimated blockmodel in the conflict network. The figure displays a
representation of the estimated blockmodel in the form of a network graph. The size
of the nodes (circles) in the figure reflect the frequency with which states instantiate
membership in each group. Weighted edges (lines) represent the probability of conflict
between groups.

NATO members and the Warsaw Pact throughout the Cold War. Group 2 represents

the least bellicose cluster, rarely engaging in conflict with all states except the small

number in Group 1. It also has the lowest rate of estimated intra-group conflict

(0.13%).

5.4 Covariate Effects

Examining the covariate relations can also helps characterize the nature of each latent

group. Table 1 displays coefficient estimates for the monadic covariates POLITY and

MILITARY CAPABILITY. The estimates represent the effect of each covariate on the log-

odds of membership in each latent group. We display the coefficients only for Markov

state 1, since almost the entire time period, i.e., 98.5%, is estimated to derive from

this state. Democratic states (i.e., those with high POLITY scores) are most likely

to instantiate membership in Group 3. This is consistent with the interpretation

of Group 3 as the Western alliance of liberal democracies during the Cold War.

Group 5 also attracts states with higher polity scores, although the coefficient is
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Monadic Variable Group 1 Group 2 Group 3 Group 4 Group 5 Group 6
INTERCEPT -28.074 -5.561 32.479 15.197 31.787 8.430
POLITY -0.809 -0.588 0.625 -0.206 0.481 -0.573
MILITARY CAPABILITY -1.900 -1.274 3.191 1.020 3.034 0.386

Dyadic Variable Coefficient
BORDERS 2.0812
DISTANCE -0.0001
ALLIANCE 0.0119
IO MEMBERSHIP 0.0118
PEACE YRS -0.025

Table 1: Estimated Coefficients, Interstate Conflict Network. The table shows
the coefficients associated with the two monadic predictors for each of six latent
groups, as well as the coefficients for the dyadic predictors. Cubic splines and indi-
cators for variable missingness not shown.

smaller. Autocratic states tend to sort into Group 1, the cluster with the highest

rates of conflict. Greater military capability is positively associated with membership

in Groups 3, 4, and 5 and negatively associated with membership in all other clusters.

In addition to the coefficients, we can also predict how the probability of edge

formation changes as a node’s monadic covariates shift. In the generative process of

the model, group memberships are instantiated for each dyad in each time period. As

a result, states in the conflict network are assigned to a latent group each time they

interact with another state in a given year. Because the probability of edge formation

depends on the group membership of both nodes in a dyad, a change in one node’s

monadic predictor will yield heterogeneous effects across dyads, nodes, and time.

For example, consider the change in predicted conflict propensity when each node’s

Polity score is increased by one standard deviation (6.78).3 The overall average effect

of this change on the probability of edge formation, calculated as

1

T

T∑
t=1

1

|Vt × Vt|
∑
p,q∈Vt

[E[Ypqt|POLITY + 6.78]− E[Ypqt]]

is positive but fairly negligible in size (0.001). This result suggests that increasing

the degree of democracy in a country tends to increase conflict, given the underlying

3During this exercise, we allow POLITY scores to increase up to the maximum value (10).
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geopolitical coalitions throughout the time period.

However, there is significant heterogeneity in the effect across states and over

time. Figure 7 shows, for each state, the difference in expected probability of inter-

state conflict due to an increase in POLITY score. Some states such as Liechtenstein,

Germany, and Ukraine are predicted to be more peaceful, on average, if they become

more democratic. Many others, however, are estimated to be more conflict-prone in

this scenario. These include some of the most powerful states in the system (e.g.,

United States, United Kingdom, and China). An increase in polity for these states

shifts them into different latent groups that are more conflictual, on average.

The effect of democracy varies due to the latent group structure of the model.

In general, shifts in monadic predictors will generate effects that are non-linear and

contingent upon the existing group membership of the node in question and the other

nodes in the network. Figure 8 looks within states to gauge the effect of the shift in

POLITY over time, revealing additional heterogeneity. Finally, Figure 9 displays the

average effect for each year in the time period. An increase in democracy induces

more conflict, in general, though the effect is attenuated in later years.
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Figure 7: Effect of Shift in Polity over Time, Select States. The figure shows
the estimated change in the probability of interstate conflict if a state’s POLITY
score is increased by one standard deviation (6.78) from its observed value.
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Figure 8: Effect of Shift in Polity over Time, Select States. The figure shows
the estimated change in the probability of interstate conflict over time if a state’s
POLITY score is increased by one standard deviation (6.78) from its observed value.
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Figure 9: Aggregate Effect of Shift in Polity over Time. The figure shows
the estimated average change in the probability of interstate conflict when states’
POLITY scores are increased by one standard deviation (6.78).
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5.5 Dyadic covariates

Dyadic predictors operate outside the latent group membership structure, directly

influencing the probability of conflict among states. The dyadic coefficient estimates

are shown in Table 1. Consistent with existing work, greater geographic distance

between states tends to depress conflict, as does the length of time since two states

have engaged in a militarized dispute. Sharing a border increase the likelihood of

conflict. Somewhat surprisingly, militarized disputes are more likely among states

that share an alliance or defense pact.

6 Conclusion

We have introduced the dynMMSBM, a generalization of the mixed-membership

stochastic blockmodel that incorporates dyadic and nodal attributes, and accounts

for episodic temporal evolution of networks using a hidden-Markov process. The pro-

posed model enables researchers to evaluate dynamic theories about the role of indi-

vidual characteristics on the generation of relational outcomes when abstract groups

of actors are the driving force behind tie formations. The dynMMSBM also helps

identify “epochs” or periods in time when a network exhibits distinctive patterns of

interactions among actors.

Using a network defined by 200 years of militarized interstate disputes in the in-

ternational system, our model uncovers previously understudied spatial and temporal

heterogeneity in the so called “democratic peace,” whereby regime type is expected

to affect the likelihood that any two countries engage in militarized actions against

each other. Our model also uncovers the evolving nature of unobserved geopolitical

coalitions, with memberships that conform to typical expectations — with liberal

democracies democracies aligned in one bloc, and more authoritarian regimes aligned

in another.
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The main goal of this paper is to provide applied researchers with a model that

can accommodate a variety of theorized relationships for dynamic network outcomes

that display some form of stochastic equivalence. To this end, we make available an

open-source software package that implements the dynMMSBM. In future, we plan

to further extend the dynMMSBM’s applicability to a variety of outcome variable

types. Similarly, and given their prevalence in social scientific research, we plan to

extend the model to accommodate bipartite or affiliation networks.
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A Appendix

A.1 Marginalizing the membership vectors and the transi-

tion probabilities

In this appendix, we show how to marginalize Π.∫
· · ·
∫ T∏

t=1

∏
p∈Vt

[
M∏
m=1

P (πpt | αptm)stm

] ∏
q∈Vt

P (zp→q,t | πpt)P (wp←q,t|πpt) dπ1 . . . dπNt

=
T∏
t=1

∏
p∈Vt

∫ M∏
m=1

[P (πpt | αptm)]stm
∏
q∈Vt

P (zp→q,t | πpt)P (wp←q,t|πpt) dπpt

=
T∏
t=1

∏
p∈Vt

∫ M∏
m=1

[
Γ(ξptm)∏K

k=1 Γ(αptmk)

K∏
k=1

π
αptmk−1
ptk

]stm ∏
q∈Vt

K∏
k=1

π
zp→q,t,k
ptk π

wp←q,t,k
ptk dπpt

=
T∏
t=1

∏
p∈Vt

M∏
m=1

[
Γ(ξptm)∏K

k=1 Γ(αptmk)

]stm

×
∫ K∏

k=1

π
∑M
m=1 stmαptmk−1

ptk

∏
q∈Vt

K∏
k=1

π
zp→q,t,k
ptk π

wp←q,t,k
ptk dπpt

As they share a common base, we can simplify the products and define Cptk =∑
q∈Vt(zp→q,t,k + wp←q,t,k) to show that the above equation is equivalent to,

T∏
t=1

∏
p∈Vt

M∏
m=1

[
Γ(ξptm)∏K

k=1 Γ(αptmk)

]stm ∫ K∏
k=1

π
∑M
m=1 stmαptmk+Cptk−1

ptk dπpt

The integrand can be recognized as the kernel of a Dirichlet distribution. As the

integral is over the entire support of this Dirichlet, we can easily compute it as the

inverse of the corresponding normalizing constant,

T∏
t=1

∏
p∈Vt

M∏
m=1

[
Γ(ξptm)∏K

k=1 Γ(αptmk)

]stm ∏
k Γ(

∑M
m=1 stmαptmk + Cptk)

Γ(
∑M

m=1 stmξptm + 2Nt))

where the sum of Cptk over groups k is equal to twice the number of nodes (as nodes

must instantiate at least one group in each of interactions, once as a sender and once

again as a receiver) in directed networks. A simple reorganization of factors (along

with the fact that st,m is an indicator vector, whereby
∑

m stmx =
∏

m x
stm) yields

equation (2) in Section 3.2.
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A.2 Details of the Variational EM Algorithm

A.2.1 E-step

E-step 1: Z and W

To obtain the updates of the φp→q,t variational parameters, we begin by restricting

equation (3) to the terms that depend only on zp→q,t (for specific p and q nodes in

Vt) and taking the logarithm of the resulting expression,

logP (Y,Z,W,S,B,β,γ | X,D)

= zp→q,t,k

K∑
g=1

wq←p,t,g {Ypqt log(θpqtkh) + (1− Ypqt) log(1− θpqtkh)}

+
M∑
m=1

stm log Γ(αptmk + Cptg) + const.

Now, note that Cptk = C ′ptk + zp→q,t,g and that, for x ∈ {0, 1}, Γ(y + x) = yxΓ(y).

Since the zp→q,t,k ∈ {0, 1}, we can re-express log Γ(αptmk +Cptk) = zp→q,t,k log(αptmk +

C ′ptk) + log Γ(αptmk + C ′ptk) and thus simplify the expression to,

zp→q,t,k

K∑
g=1

wq←p,t,g {Ypqt log(θpqtkg) + (1− Ypqt) log(1− θpqtkg)}

+ zp→q,t,k

M∑
m=1

stm log
(
αptmk + C ′ptk

)
+ const.

We proceed by taking the expectation under the variational distribution Q̃:

EQ̃{logP (Y,Z,W, s,B,β,γ | D,X)}

= zp→q,t,g

K∑
g=1

EQ̃2
(wq←p,t,g)

(
Ypqt log(θpqtkg) + (1− Ypqt) log(1− θpqtkg)

)
+ zp→q,t,g

M∑
m=1

EQ̃1
(stm) EQ̃2

{
log
(
αptmk + C ′ptk

)}
+ const.

The exponential of this expression corresponds to the (unnormalized) parameter vec-

tor of a multinomial distribution Q̃2(zp→q,t | φp→q,t). The update for wq←p,t is simi-

larly derived.
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E-step 2: S

Isolating terms in Equation 3 that are not constant with respect to stm for a specific

t 6= 1 and m, and rolling all other terms into a const., we have

P (Y,Z,W, s,B,β,γ | D,X) = Γ(Mη + Um)−1
M∏
m=1

M∏
n=1

Γ(η + Umn)
∏
p∈Vt

[
K∏
k=1

Γ(αptmk + Cptk)

Γ(αptmk)

]stm

+ const.

To isolate terms that depend on stm for specific t > 1, m and n 6= m, define the

following useful quantites:

U ′m = Um − stm

U ′mm = Umm − st−1,mstm − stmst+1,m

U ′nm = Unm − st−1,mstm

U ′mn = Umn − stmst+1,n

Focusing on the terms involving Um and Umn, and working on a typical case in which

1 < t < T , we can isolate parts that do not depend on stm by again recalling that,

for x ∈ {0, 1}, Γ(y + x) = yxΓ(y):

Γ (Mη + stm + U ′m)
−1

Γ(η + st+1,mstm + st−1,mstm + U ′mm)

×
M∏
n6=m

Γ(η + st+1,nstm + U ′mn)Γ(η + stmst−1,n + U ′nm)

= (Mη + U ′m)−stmΓ(Mη + U ′m)−1
{

(η + U ′mm + 1)st+1,mst−1,m(η + U ′mm)st−1,m−st−1,mst+1,m+st+1,m
}stm

× Γ(η + U ′mm)
M∏
n6=m

(η + U ′mn)st+1,nstmΓ(η + U ′mn)
M∏
n6=m

(η + U ′nm)stmst−1,nΓ(η + U ′nm)

at which point all Γ(·) terms are constant with respect to stm and can be rolled into

the normalizing constant so that

P (Y,Z,S,B,β,γ | D,X)

= (Mη + U ′m)−stm
{

(η + U ′mm + 1)st+1,mst−1,m(η + U ′mm)st−1,m−st−1,mst+1,m+st+1,m
}stm
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×
M∏
n6=m

(η + U ′mn)st+1,nstm(η + U ′nm)stmst−1,n

∏
p∈Vt

[
Γ(ξptm)

Γ(ξptm + 2Nt)

K∏
k=1

Γ(αptmk + Cptk)

Γ(αptmk)

]stm
+ const.

Taking the logarithm and expectations under the variational distribution Q̃ with

respect to all variables other than stm, we have,

log κ̂tm = −stm EQ̃1
[log(Mη + U ′m)] + stmκt+1,mκt−1,m EQ̃1

[log(η + U ′mm + 1)]

+ stm(κt−1,m − κt−1,mκt+1,m + κt+1,m) EQ̃1
[log(η + U ′mm)] + stm

M∑
n 6=m

κt+1,n EQ̃1
[log(η + U ′mn)]

+ stm

M∑
n6=m

κt−1,n EQ̃1
[log(η + U ′nm)] + stm

∑
p∈Vt

[
Γ(ξptm)

Γ(ξptm + 2Nt)

]

+ stm
∑
p∈Vt

K∑
k=1

EQ̃

[
log

[
Γ(αptmk + Cptk)

Γ(αptmk)

]]
+ const.

This corresponds to a multinomial distribution Q̃1(st|κtm), such that the mth element

of its parameter vector is

κ̂tm ∝ exp
[
−EQ̃1

[log(Mη + U ′m)]
]

exp
[
κt+1,mκt−1,m EQ̃1

[log(η + U ′mm + 1)]
]

× exp
[
(κt−1,m − κt−1,mκt+1,m + κt+1,m) EQ̃1

[log(η + U ′mm)]
] ∏
n6=m

exp
[
κt+1,n EQ̃1

[log(η + U ′mn)]
]

×
∏
n6=m

exp
[
κt−1,n EQ̃1

[log(η + U ′nm)]
] ∏
p∈Vt

[
Γ(ξptm)

Γ(ξptm + 2Nt)

K∏
k=1

EQ̃1
[Γ(αptmk + Cptk)]

Γ(αptmk)

]

which must be normalized. When t = T , the term simplifies to

κ̂Tm ∝ exp
[
−EQ̃1

[log(Mη + U ′m)]
] M∏
n=1

exp
[
κT−1,m EQ̃1

[log(η + U ′nm)]
]

×
∏
p∈VT

[
Γ(ξptm)

Γ(ξptm + 2Nt)

K∏
k=1

EQ̃1
[Γ(αpTmk + CpTk)]

Γ(αpTmk)

]

As before, the expectations can be approximated using a zero-order Taylor expansion.

A.2.2 M-step

Lower Bound

We first provide the expression for the lower bound,

L(Q̃) = EQ̃[logP (Y,Z,W, s,B,β | X)]− EQ̃[log Q̃(s,Z,W | K,Φ,Ψ)]
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= log(P (s1)) + log Γ(Mη)−
M∑
m=1

EQ̃[log Γ(Mη + Um)] +
M∑
m=1

M∑
n=1

EQ̃[log Γ(η + Umn)]− log Γ(η)

+
T∑
t=1

M∑
m=1

κtm
∑
p∈Vt

[
log Γ (ξptm)− log Γ (ξptm + 2Nt)

]

+
T∑
t=1

M∑
m=1

κtm
∑
p∈Vt

K∑
k=1

[
E[log Γ(αptmk + Cptk)]− log Γ(αptmk)

]

+
T∑
t=1

∑
(p,q)∈Et

K∑
g,h=1

φp→q,t,gψq←p,t,h {Ypqt log θpqtgh + (1− Ypqt) log(1− θpqtgh)}

−
K∑

g,h=1

(Bgh − µgh)2

2σ2
gh

−
Jd∑
j=1

(γj − µγ)2

2σ2
γ

−
M∑
m=1

K∑
k=1

Jx∑
j=1

(βmkj − µβ)2

2σ2
β

−
T∑
t=1

M∑
m=1

κtm log κtm −
T∑
t=1

M∑
m=1

∑
(p,q)∈Et

K∑
k=1

{φp→q,t,k log φp→q,t,k − ψq←p,t,h log(ψq←p,t,k)}

M-step 1: update for B

Restricting the lower bound to terms that contain Bgh, we obtain

L(Q̃) =
T∑
t=1

∑
p,q∈Et

K∑
g,h=1

φp→q,t,gψq←p,t,h{Ypqt log θpqtgh + (1− Ypqt) log(1− θpqtgh)}

−
K∑

g,h=1

(Bgh − µgh)2

2σ2
gh

+ const.

We optimize this lower bound with respect to Bgh using a gradient-based numerical

optimization method. The corresponding gradient is given by,

∂LBgh
∂Bgh

=
T∑
t=1

∑
p,q∈Et

φp→q,t,gψq←p,t,h (Ypqt − θpqtgh)−
Bgh − µBgh

σ2
Bgh

M-step 2: update for γ

Restricting the lower bound to terms that contain γ, and recalling that θpqtgh =

[1 + exp(−Bgh − dpqtγ)]−1, we have

L(Q̃) =
T∑
t=1

∑
p,q∈Et

K∑
g,h=1

φp→q,t,gψq←p,t,h {Ypqt log θpqtgh + (1− Ypqt) log(1− θpqtgh)}

−
Jd∑
j

(γj − µγ)2

2σ2
γ

+ const.
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To optimize this expression with respect to γj (the jth element of the γ vector), we

again use a numerical optimization algorithm based on the following gradient,

∂L(Q̃)

γj
=

T∑
t=1

∑
p,q∈Et

K∑
g,h=1

φp→q,t,gψq←p,t,hdpqtj (Ypqt − θpqtgh)−
γj − µγ
σ2
γ

M-step 3: update for βm

Let αptmk = exp
(
x>ptβkm

)
and ξptm =

∑K
k=1 αptmk. To find the optimal value of βkm,

we roll all terms not involving the coefficient vector into a constant:

L(Q̃) =
T∑
t=1

M∑
m=1

κtm
∑
p∈Vt

[log Γ(ξptm)− log Γ(ξptm + 2Nt)]

+
T∑
t=1

M∑
m=1

κtm
∑
p∈Vt

K∑
k=1

[
EQ̃2

[log Γ(αptmk + Cptk)]− log Γ(αptmk)
]

−
K∑
k=1

M∑
m=1

Jx∑
j=1

(βmkj − µβ)2

2σ2
β

+ const.

No closed form solution exists for an optimum w.r.t. βmkj, but a gradient-based

algorithm can be implemented to maximize the above expression. The corresponding

gradient with respect to each element of βmk is given by,

∂L(Q̃)

∂βmkj
=

T∑
t=1

κtm
∑
p∈Vt

αptmkxptj

(
EQ̃2

[ψ̆(αptmk + Cptk)− ψ̆(αptmk)]

+
[
ψ̆(ξptm)− ψ̆(ξptm + 2Nt)

])
− βmkj − µβ

σ2
β

where ψ̆(·) is the digamma function. Once again, we can approximate expectations of

non-linear functions of random variables using a zeroth-order Taylor series expansion.

As is the case of the multinomial logit model, we set β1,m ≡ 0 ∀m, making group 1 a

reference for identification purposes.

A.3 Initial values for φ and ψ

Implementation of the dynamic model requires defining good starting values for

the mixed-membership vectors. While k-means offers good starting values for φ
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and ψ in the non-dynamic setting, applying it to sociomatrices at different time

points introduces a type of identification problem commonly known as label switch-

ing : P (Ypqt | zp→q,t,g, wq←p,t,h) = P (Ypqt | zp→q,t,τg , wq←p,t,τh), where τ is a permutation

of 1, . . . , K. When applying k-means to each time period, label switching forces us

to ask: is a node assigned to a different group at two different times because its

membership changes, or because the algorithm settled on an alternative permutation

of the group labels? Answering this question requires resolving the label ambiguity

problem.

To do so, define a simple approximation to the blockmodel B at a given time

period t,

B̃τt
gh =

∑
p∈Vt

∑
q∈Vt Ypqtφp→q,t,gψq←p,t,h∑

p∈Vt
∑

q∈Vt φp→q,t,gψq←p,t,h

which depends on group assignments, and is therefore permutation-specific. Since we

have assumed that the blockmodel B is time-invariant, these approximations should

coincide, in expectation, across time periods — provided their labels are not scram-

bled. Accordingly, we can unscramble permuted approximations to the blockmodel by

finding, for each time period, the permutation that minimizes the difference between

each element of B̃τt and the corresponding element of B.

For an initial (potentially scrambled) set of node allocations to groups in each

time period t, Stephens (2000) proposes the following EM-style iterative algorithm

to solve the above optimization problem:

1. Find the B′gh that minimize
∑T

t=1

∑K
g=1

∑K
h=1 B̃

τt
gh log

(
B̃
τt
gh

B′gh

)

2. For t = 1, . . . , T , find τt that minimizes
∑K

g=1

∑K
h=1 B̃

τt
gh log

(
B̃
τt
gh

B′gh

)
repeating steps 1 and 2 until convergence.

The argmin of step 1 is given by B′gh = 1
T
Bτt
gh — the average blockmodel across

time periods. While the solution for step 2 can be found by examining all K! full
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permutations, a more efficient approach takes advantage of the fact that step 2 is

equivalent to the assignment problem in combinatorial optimization, and uses integer

programming techniques (viz. the so-called Hungarian algorithm) to find a solution

without having to test all permutations (see Stephens, 2000, for details).

A.4 Additional Empirical Results
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Figure 10: Out of Sample Prediction, Conflict Models. The figure plots the
area under the ROC curve for models with 2-7 Latent Groups. Each model is fit on
data from 1816-2008 and used to predict conflict in the period 2009-2010.
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Group 1 Group 2 Group 3 Group 4 Group 5 Group 6

Group 1 0.009 0.051 0.052 0.054 0.050 0.042

Group 2 0.051 0.001 0.006 0.006 0.006 0.003

Group 3 0.052 0.006 0.040 0.053 0.061 0.027

Group 4 0.054 0.006 0.053 0.057 0.052 0.030

Group 5 0.050 0.006 0.061 0.052 0.050 0.025

Group 6 0.042 0.003 0.027 0.030 0.025 0.009

Table 2: Group-Level Edge Formation Probabilities. The table displays the
probability of interstate conflict between nodes that instantiate membership in each
of six latent groups. The diagonal shows rates of intra-group conflict and off-diagonal
shows rates of conflict between groups.
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Group 1 Group 2 Group 3

0.891 Liechtenstein 0.995 Belize 0.860 USA

0.400 St Kitts-Nevis 0.995 Barbados 0.838 Japan

0.132 Dominica 0.994 Zanzibar 0.832 West Germany

0.131 Antigua-Barbuda 0.994 Malta 0.832 UK

0.044 Seychelles 0.993 Iceland 0.829 Germany

0.030 St Vincent-Grenadines 0.992 Maldives 0.820 Italy

0.021 Grenada 0.990 Samoa 0.811 India

0.018 St Lucia 0.083 Sao Tome 0.809 Canada

0.068 Vanuatu 0.982 Vanuatu 0.796 Australia

0.051 Sao Tome 0.981 St Lucia 0.794 Netherlands

Group 4 Group 5 Group 6

0.444 Tanzania 0.687 Poland 0.654 Albania

0.416 Angola 0.684 China o.638 Cote d’Ivoire

0.403 Yemen 0.673 Czechoslovakia 0.631 Bahrain

0.367 Madagascar 0.654 Indonesia 0.604 Oman

0.361 Mozambique 0.647 Mexico 0.596 Kuwait

0.352 Algeria 0.642 Russia 0.590 Qatar

0.346 Kenya 0.639 Egypt 0.581 Tunisia

0.345 Morocco 0.637 Romania 0.577 Jordan

0.344 Bolivia 0.623 Yugoslavia 0.577 Cameroon

0.344 Ethiopia 0.595 Singapire 0.568 Guinea

Table 3: States with Highest Membership in Latent Groups, Cold War

period. To identify the states with highest membership in each latent group, we

average over each states’ latent membership probabilities in the years 1955-1990.

Average group membership is reported beside the state name for the top 25 states

in each latent group. The group assignments are consistent with known geopolitical

coalitions in the Cold War, with Eastern bloc countries in Group 1, Western allies

clustered in Group 4, and states that experienced proxy wars in Group 2.
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